
 

Lecture

We'll start by classifying all groups upto isomorphis

m upto order 7

What does groups upto isomorphism means

We'll consider two groups G and G as same

g GE G So classifying groups of order say n
upto isomorphism means that we want to make

a list of all groups of order n such that no two

groups on the list are isomorphic and any
other group of order n must be isomorphic to

one of the groups on our list

This will make much more sense when we make

the list below

Let's start with order 1 There is only one



group of order L j EeE So the list is complete

for order L

Order 2 Since 2 is a prime any group G
161 2 must be cyclic Now anycyclic
group of order n In in this

case G E 212

So the only group of order 2 upto isomorphism is

212

By the similar reasoning the list of groups upto
isomorphism for
order 3 213
order 5 215
order 7 27



Order 4 Let G be a group of order 4 By
Lagrange's Theorem ij a c G a f e then

ord a 2 or 4 If ord a 4 G is cyclic

If G is not cyclic then tf AEG ord a 2

a e G is abelian
So first of all any group G of order 4 is
abelian

Also the above argument shows that either G is

cyclic in which case 6 2 4 or every element

of G has order 2 D GE 212 212
We know from Assignment 3 214 22 212

Thus all the groups of order 4 uptoisomorphismare 214 and 212 22

So now let's focus on groups of order 6



We already know examples of both abelian and
nonabelian groups of order 6 216 for abelian and
D z for non abelian We know Sz too but as seen

in assignment 3 that Sz Dz so on the list

Sz will be considered same as D3
So now we divide our problem in two cases

Casey G is abelian

If a C G a te ord a 2,3 or 6

If Ord a 6 G is cyclic and hence

GE216
Now if we do not know if G has an element

of order 6 then by Cauchy's Theorem since

2 6 F a E G s t ord a 2

Again by Cauchy's theorem I BEG Sot ord b 3

Now G is abelian abeba and gcd 2131 1

So from a question from Q 2 La on Assignment



2 cordLab 6 D G is cyclic
So j G is an abelian group of order 6 then
it must be cyclic and hence I 216

Cased G is nonabelian

If G is nonabelian then G can't have an

element of order 6Thenfor aCG Afford a 2 or

cord a 3 If tf a c G ord a 2 G is

abelian so I some AEG with ord a 3

Now since elements of order come in pair and

ord e 3 not every element can have order

3 because 191 6 So I BEG with ord b 2

So G e a a b ab as

Now bae G so it must be one of theelementslisted above Let's see what would it be



If ba e a b b which is

not possible as ord a 3 and ord b 3

If ba a b e not possible

If ba a
2 0 b a not possible

If ba b A e not possible X

If ba ab then again by Q 263 on

Assignment 2 Ord ab 6 G is cyclic not

possible

So the only possibility is that abEba But this

is precisely what happens in Dz ie g we

send a Rizo and b to any of the flip then
G E Dz
Hence j G is nonabelian 161 6 then G D3



Thus upto isomorphism there are two groupsof
order 6 216 and Dz

This is how we classify groups of a certain
order We might need more tools than those required
in the previous discussion and this is what we

plan to do

So let's see some properties of ahomomorphism
Proposition let g G s 6 be a homomorphism

Their

D O e E E is the identity ofG
2 For a e G OcaD yea
3 tf ne 2 y ah glad

4 If ordeal is finite then cordCoca3 lordca



5 Let HE G Then SCH Wh 1hEH E G

6 If It is cyclic then GCH is cyclic
7 If It is abelian then 9th is abelian

8 If H H G then GCH AG

9 if IHI n then 19h31 In

b If KE G then y E KEG locksc k
is a subgroup of G

11 tf KII then 6 k IG

Proof The proofs of D 2 and 3 are same as

that for the properties of an isomorphism
4 follows from 3 as if ord a _n D

an _e p plan Pca
n

Cfce e

Ord Glas ford a

Note that in case of an isomorphism ordeal



ordcycad But for a homomorphism we can only

say that ord glad ord a

eg consider g Z z 2130 given by
g a 10a mod30

One can check that g is a homomorphism

now for l E242 ord D 12 8CD 10 and ord lo

3 lie Ezo So ord QCD f ordCD and
cord gas ford l

The proofs of rest of the statements are left
as an easy exercise

Some of them will be on

Assignment 4J

Recall that if 8 G G is a homomorphism then

Keri g geG Slg e

we know that Rerly EG



Proposition Rescg IG

Proof First of all we'll have to prove that

Rerly EG Note that Dce _e ee Percy
So Percy f 01 We'll use the subgroup test

Let AE Resco g a e
D

beker g 4lb e

We want to show that ab C Kesey

Consider y cab Gla 9lb asg is a
homomorphism

Pca gCb5 I from 2 ofProp I
e e

I
e

To ab E Percy Bercy EG

Now we'll use the normal subgroup test

Let g c G and a c Kesey We want to

check ej gag c Keris Then

y gag D gig Bca 8195



gig Eog g Scg 8cg e

So gag C thesis and Reo g a G

Let's end this lecture by counting the of
homomorphisms from 242 2130 Note that there

is no isomorphism b w 2,2 and 2130 as they
have different orders

So suppose 8 212 2130 is a

homomorphismThen we know everything about 9 by looking
at gas
Now I C 242 has order 12 From 4 Prop I we

know that cord KD 112
Also DID C 2130 by Lagrange's theorem

cord gas 130
So from and the choices for order of
SCD and hence for 9CD are



Order of QCD GCD

1 O

2 15

3 10 or 20

6 5 or 25

Thus there are 6 choices of DCD and one can
check that each one of them indeed gives a

homomorphism

e g g g 242 Ezo is given by
GCD 5 then for a C21,2

Lf a 4111 1 1 1 l DID 1 811
a times a times

59 mod 30

9lb 5 b mod 30 be 2112

and glatb 5 atb mod 30

59 5 b mood 30



59 mod 30 1 Sb mod 30

Ica 8lb

So 8 is a homomorphism Thus

homomorphism g 242 230 6

O x x O


